INVARIANT MEANS AND THE STONE-CECH COMPACTIF1CATION
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In the first part of this paper the Arens multiplication on a space of bounded functions is used to simplify and extend results by Day and Frey on amenability of subsemigroupa and ideals of a semigroup. For example it is shown that if S is a left amenable cancellation semigroup then a subsemigroup A of S is left amenable if and only if each two right ideals of A intersect. The remainder and major portion of this paper is devoted to relations between left invariant means on m(S) and left ideals of βS (=the Stone-Cech compactiδcation of S). We find: If μ is a left invariant mean on m{S) and if *S has left cancellation then *£"%"), the support of μ considered as a Bore! measure on β(S), is a left ideal of β(S). An application is that if S is a left amenable semigroup and / is a left ideal of βS, then K(I\ the w*-closed convex hull of I, contains an extreme left invariant mean; if in addition S has cancellation then K(I) contains a left invariant mean which is the w*-ϋmit of a net of unweighted finite averages, 2* Preliminaries* For standard notation and terminology we follow Day [2] in functional analysis and Kelley [6] in topology. Specific terms and notation in amenable semigroups follow Day [1] .
Let S be any set, and let m(S) be the Banach space of all bounded, real-valued functions on S, equipped with the supremum norm. A mean on m(S) is a positive linear functional on m(S) which has norm one; every mean μ satisfies μ(e) = 1, where e is the function which is identically one on S. We denote by M( = M(S)) the set of ail means on m(S). Then M is a nonempty, convex subset of m(S)*; it is also compact in the w*-topology, the only topology we consider in m{S)*.
For each s e S, q(s) denotes the evaluation functional at s:
We have qs e M(s e S) and βS, the Stone-Cech compactification of the discrete space S, coincides with the (w*-) closure of qS in m(S)*, so that /3SSM. The symbols k(T),K(T) will always indicate the convex hull, resp. the (w*-) closed convex hull, of any subset T of m(S)*; in particular, we write kA for k(qA) and KA for K{qA) when 4gS. Then we have M = KS = K(βS). Now suppose S is a semigroup. Then each s e S determines two mappings, l s and r s , on m(S) defined by l s χ{t) = x(st) and r Λ x{t) = £(ίs) (teS,xem(S) [1, p. 530] , (This is clearly equivalent to the condition qs © μ = μ (s e S)). In general, define the kernel of the semigroup M, Keτ(M) , to be the smallest closed two-sided ideal of M. We always have Ker (ikf) Φ φ (by compactness of ikf), and L Φ φ if and only if Ker (M) is the smallest closed right ideal of ikf, in which case L = Ker (ikf) [10] .
The ideas of the preceding two paragraphs are used repeatedly throughout this paper.
3* A theorem of Day and some applications* We first extend the theorem of Day mentioned in the introduction.
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Then the following conditions are equivalent:
Proof, (ii) => (i). This is Day's Theorem with the observation that his proof requires invariance of μ over A only.
(iii)=*(ii). Since μeKA, we have μ(X A ) -1. (here l s is the left shift by s in Theorem 3.1 and the ideas involved in its proof combine with facts mentioned at the end of § 2 to give quite short proofs for some known results and to extend others. For example, the following corollary is due to E. Granirer (unpublished); his proof is independent of ours. COROLLARY 
Suppose G is any group and A is a subsemigroup of G which generates G. Then A is left amenable if and only if KA n L(G) Φ ψ.
Proof. Only the forward implication is not apparent by Day's Theorem itself. By Theorem 3.1, there exists μeKA such that
where u is the group identity. Since each g e G can be written as a Proof. Part (i) appears in Frey [4] ; Frey also proves (ii) for right ideals but states that he was unable to obtain the result for left ideals. In our setting everything becomes quite simple. For (i), we note that since / is left amenable, there exists μ e KI such that qt 0 μ = μ for all te I by Theorem 3.1. If se S, choose any t e I; then qs 0 μ = qs 0 (qt 
Hence δ(μ)aF 0 , and since S is dense in βS, F Q czδ(μ).
Recall that a subset A of a compact convex subset IT of a locally convex space is extremal in iΓ if and only if A is compact, convex, and every open segment in K which contains a point of A lies wholly in A [2, p. 78]. LEMMA 
4.2, (i) If D is a closed subset of βS, then D = ^f(KD). If E is an extremal subset of M, then E = K(^f(E)).
(
ii) The mapping D -> KD is a one-to-one correspondence between the class of all closed subsets D of βS and the class of all extremal subsets of M.
Proof, (i) By Lemma 4.1, £f(KD) g D, and a separation argument shows that the inclusion is not proper. Let E be an extremal subset of M. Then clearly E gΞ K(S^E) and by the KreinMiΓman Theorem, E is the closed convex hull of its set of extreme points. Since E is an extremal set in M, each extreme point of E is an extreme point of M and hence in βS. Hence E = KD, where D is a subset of βS, and D can be assumed closed. Thus
K{SΈ) ^KD = E .
(ii) The mapping D -> KD on the closed subsets D of βS is oneto-one, again by a separation argument. To see that KD is an extremal subset of M y let μ e KD and suppose μ -\μ x + (1 -X)μ 2 with 0 < λ < 1 and μ u μ 2 e M. Fix igS such that KA 3 KD; then μeKA, so that μ(X Δ ) = 1. To remove the group restriction, we embed S in a group G such that S generates G. The mapping Π* identifies βS with S~ in /SG, and by Corollary 2.2, Π*(^o) is a subset of the left invariant means on m{G). Applying the result for groups, we get that (Π*£o) is a closed left ideal of S~. Taking the inverse under Π* yields the desired result.
In particular, if μ is a left invariant mean on m(S), then S^(μ) is a left ideal of βS (provided cancellation is present). THEOREM 
If S is a left amenable semigroup and I is a left ideal of βS, then KI contains an extreme point of L.
Proof. Since I is a left ideal of βS, KI is a left ideal of M, so KI Π L Φ φ, and since KI is an extremal subset of M and L is compact and convex, we have that KI Π L is an extremal subset of L.
In βS minimal left ideals exist, are closed, are pairwise disjoint, and are usually abundant. Then Theorem 4.4 and the facts noted in the proof of 4.1 imply that there are at least as many extreme points of L as there are minimal left ideals of βS. In the special case where S = N, the additive semigroup of positive integers, Raimi [9] recently showed that there are at least two extreme points of L in KI for each minimal left ideal I of βN. We remark that if I is a minimal left ideal of βS,
We close this section with a corollary to Theorem 4. Proof. We remark that our proof assumes that S is infinite; the theorem is trivial otherwise. We consider three directed sets,~, J^, ,$/\ J^ is the system of finite subsets of S directed upward by inclusion; Jf is the real interval (0,1) directed upward by <£; j^ is (he system of all subsets A of S such that KA 2 L o , directed downward by inclusion. Let (J^, Jf, s>/) be the product directed system and fix n = (F, ε, A) In particular, if I is a minimal left ideal of βS, then KI contains at least one left invariant mean μ L which is the (w*~) limit of a net of arithmetic averages. Thus there are at least as many invariant means of this type as there are distinct minimal left ideals in βS (see the discussion after Theorem 4.6).
